Abstract. Motivated by recent activity in low-dimensional topology, we provide a new criterion for left-orderability of a group under the assumption that the group is circularly-orderable: A group G is left-orderable if and only if G × Z/nZ is circularly-orderable for all n > 1. This implies that every circularly-orderable group which is not left-orderable gives rise to a collection of positive integers that exactly encode the obstruction to left-orderability, which we call the obstruction spectrum. We precisely describe the behaviour of the obstruction spectrum with respect to torsion, and show that this same behaviour can be mirrored by torsion-free groups, whose obstruction spectra are in general more complex.
Introduction
A group G is left-orderable if there exists a strict total ordering < of its elements such that g < h implies f g < f h for all f, g, h ∈ G, and bi-orderable if g < h implies gf < hf also holds. Equivalently, a group G is left-orderable if there is a subset P ⊂ G, called the positive cone of G, satisfying P · P ⊂ P and P ⊔ P −1 = G \ {id}. For bi-orderability, one also requires gP g −1 ⊂ P for all g ∈ G.
Various criteria exist that allow one to determine when G is left-orderable or bi-orderable. Notable examples are the Burns-Hale theorem [5] , various semigroup conditions [13, 20, 24] , or the existence of embeddings into left-orderable groups like Homeo + (R) [13] . Still other criteria exist that describe when it is possible to use weaker structures on G (such as locally invariant orderings or circular orderings [21, 8] ) to assert the existence of a left ordering of G by imposing certain algebraic assumptions.
This note presents a condition of the latter kind. Specifically, we study the relationship between circular-orderability and left-orderability of a group, and determine necessary and sufficient conditions that a circularly-orderable group be left-orderable. Results along these lines already exist in the literature (see Section 2) , but all require the existence of a special type of circular ordering, from which one derives that the group at hand is in fact left-orderable. In contrast, we arrive at left-orderability of a circularly-orderable group by imposing algebraic conditions on the group itself. We prove: Theorem 1.1. A group G is left-orderable if and only if G × Z/nZ is circularly-orderable for all n ≥ 2.
In light of this result, we define the obstruction spectrum of a group to be the set of all n ∈ N >1 for which G × Z/nZ is not circularly-orderable. As one might expect, the obstruction spectrum detects torsion-in the sense that every group containing torsion has nonempty obstruction spectrum, and for any group with torsion certain elements in its obstruction spectrum can be attributed to its torsion. However the obstruction spectrum of a group does not detect torsion alone, as there are plenty of torsion-free circularly-orderable groups which are not left-orderable and thus have nonempty obstruction spectra.
We therefore provide tools for computing the obstruction spectra of certain torsion-free examples: finitely generated amenable groups (Proposition 4.9), and free products (Proposition 4.12). Our computations show that: (1) the elements of any obstruction spectrum arising from torsion in the group can also be realized as the obstruction spectrum of a torsion-free group, and (2) the result of Theorem 1.1 is sharp, in the sense that for every N ∈ N there is a group G such that the groups {G × Z/nZ | n < N } are all circularly-orderable, yet the obstruction spectrum of G is nonempty.
Our motivation for studying circular-orderability and its relationship with left-orderability is two fold. First, for countable groups, the conditions of being left-orderable and circularly-orderable are equivalent to admitting injections into Homeo + (R) and Homeo + (S 1 ) respectively (see [6, Theorem 2.2.14] for a proof). Therefore, these combinatorial conditions completely characterize when countable groups act faithfully by orientation-preserving homeomorphisms on 1-manifolds. It is natural to ask what conditions we can put on a group that acts faithfully on S 1 to guarantee that it acts faithfully on R, or equivalently, to guarantee the existence of a faithful action on S 1 with a global fixed point.
The other motivation comes from low-dimensional topology, where there has been substantial activity surrounding the so-called "L-space conjecture". For a given irreducible rational homology 3-sphere M , this conjecture relates the properties of π 1 (M ) being left-orderable to analytic (HeegaardFloer theoretic) and topological (the existence of certain nice foliations) properties of M [2, 18] .
At present, almost all approaches to left ordering π 1 (M ) involve first finding a faithful action of π 1 (M ) on S 1 , either via representations of π 1 (M ) into PSL(2, R) (which in turn acts on S 1 ), or by creating a co-orientable, taut foliation of M and then applying Thurston's universal circle construction to arrive at ρ : π 1 (M ) → Homeo + (S 1 ). For examples of these approaches, see [14, 3] . In either case the construction of the representation or foliation must be done with great care, so as to guarantee that the corresponding action on S 1 has trivial Euler class-thus guaranteeing that π 1 (M ) is left-orderable (cf. Corollary 2.1).
Our result provides an alternative approach to this problem. One could instead take care to create a family of faithful representations of π 1 (M ) or a family of co-orientable taut foliations of M that depend on a parameter n ∈ N >1 , each yielding a faithful action of π 1 (M ) × Z/nZ on S 1 , and pay no heed to the Euler class of these actions. Such a family of actions, together with Theorem 1.1, will also yield left-orderability of π 1 (M ).
1.1. Organization. The paper is organized as follows. In Section 2 we review the classical arguments that connect left-orderability of a group to the existence of a circular ordering having certain cohomological properties. Section 3 contains the proof of Theorem 1.1. Last, Section 4 introduces and studies the obstruction spectrum of a group, including the examples which show Theorem 1.1 is sharp.
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Background
A group G is circularly-orderable if there exists a function c : G 3 → {0, ±1} satisfying:
(
(2) c satisfies a cocycle condition, meaning
Functions c : G 3 → {0, ±1} satisfying the conditions above will be called circular orderings of G. When G comes equipped with a circular ordering c, the pair (G, c) will be called a circularly-ordered group. Note that unless otherwise specified, all circular orderings in this note are assumed to be left-invariant.
Promoting (G, c) from a circularly-ordered to a left-ordered (or left-orderable) group has often focused on conditions on the circular ordering c which will guarantee left-orderability of G. The ideas are classical, and proceed as follows.
From every circularly-ordered group (G, c) we can construct a group G c via a type of "unwrapping" construction that produces a left-ordered cyclic central extension [28] . The group G c is the set Z × G equipped with the operation (n, a)(m, b) = (n + m + f c (a, b), ab), where
is not difficult to check that P is the positive cone of a left ordering < c of G c . The construction of G c is a special case of a classical result: The function f c (a, b) is in fact a inhomogeneous 2-cocycle, and so it defines an element [f c ] ∈ H 2 (G; Z). The construction above is then the well-known correspondence between elements of H 2 (G; Z) and equivalence classes of central extensions
applied to the cocycle f c . Since this correspondence carries the identity in H 2 (G; Z) to a split extension, we immediately have the following.
In the corollary above it is important to note that c itself does not provide any hint as to what the left ordering of G might be. There are cases, however, where the provided circular ordering does carry such information, and again this behaviour can be detected using a cohomological argument.
First we note that every left-ordered group (G, <) provides an example of a circularly-ordered group, by declaring c(g 1 , g 2 , g 3 ) = 1 whenever g 1 < g 2 < g 3 , up to cyclic permutation. The circular orderings of a group that arise this way will be called secret left orderings, and obviously carry all the information needed to define a left ordering of G. Such circular orderings are detected by the second bounded cohomology group H 2 b (G; Z). 
Now define P ⊂ G by g ∈ P ∪ {id} if and only if d(g) = 0. We check that P is a positive cone.
= 0. Therefore G = P ⊔ {id} ⊔ P −1 and P is a positive cone on G.
Let < be the left ordering on G with positive cone P . It suffices to show
Since g 1 , g 2 , and g 3 are distinct we have 
Promoting circularly-orderable groups
Our approach to the problem of promoting the circularly-ordered group (G, c) to a left-orderable group will be to impose conditions on the group G, as opposed to conditions on the circular ordering c. One obvious obstruction to left-orderability of a circularly-ordered group G is that the group may admit torsion, and so as a first attempt one might ask if removing this obstruction is sufficient to obtain left-orderability.
If c happens to be a bi-invariant circular ordering (meaning that c(
, then it turns out that this is enough to guarantee that G is bi-orderable. To prove this we employ a theorem ofŚwierczkowski:
If G admits a bi-invariant circular ordering then there is a bi-ordered group H and an order-embedding i : G → H × S 1 , where S 1 is equipped with its natural circular ordering and H × S 1 is ordered lexicographically.
Proposition 3.2.
A group is bi-orderable if and only if it admits a bi-invariant circular ordering and is torsion free.
Proof. If G admits a bi-ordering <, then G is clearly torsion free and setting c(g 1 , g 2 , g 3 ) = 1 whenever g 1 < g 2 < g 3 suffices to determine a bi-invariant circular ordering c of G.
On the other hand, if G admits a bi-invariant circular ordering then by Theorem 3.1 there exists a bi-ordered group H and an order-embedding i : G → H × S 1 . Let T denote the subgroup Q/Z of S 1 . Assuming that G is torsion-free then yields an embedding of G into H × S 1 /T . The group H × S 1 /T is bi-orderable since it is the product of a bi-orderable group and a torsion-free abelian group, thus so is G.
In contrast, imposing torsion-freeness on a group admitting a left-invariant circular ordering is not enough to obtain left-orderability. Torsion-free circularly-orderable groups that are not leftorderable are relatively easy to find among the class of 3-manifold groups.
Example 3.3. Let M be a Seifert fibred rational homology sphere of the form S 2 (
) where
, where p i and q i are relatively prime for i = 1, 2, 3 and represent the (unnormalized) Seifert invariants. Then the fundamental group of M is torsion-free, moreover it fits into a short exact sequence
where Z is central and generated by the class of the fibre of M , and ∆ is a (q 1 , q 2 , q 3 )-triangle group which is isomorphic to a subgroup of PSL(2, R) since
Since PSL(2, R) acts faithfully in an orientation-preserving way on S 1 , it is circularly-orderable, thus so is ∆. Therefore π 1 (M ) can be circularly ordered via a lexicographic argument.
On the other hand, π 1 (M ) is left-orderable if and only if M admits a horizontal foliation [4] . This happens exactly when the normalized Seifert invariants and Euler number of the Seifert fibration satisfy a certain system of diophantine inequalities [15, 17, 22] .
Example 3.4. Let K be a fibred hyperbolic knot in S 3 for which p q -surgery yields a manifold K( p q ) with non-left-orderable fundamental group whenever p q ≥ r. Examples of such knots are provided by [12, 9] and others, but for the sake of concreteness we may take K to be the (−2, 3, 2n+1)-pretzel knot where n ≥ 3, in which case r = 2n + 3 by [23] .
The groups π 1 (K( 
is left-orderable for all but at most two values of q coprime to p, and thus π 1 (K( p q )) is circularlyorderable by a lexicographic argument. Moreover, π 1 (K( p q )) is torsion-free for all but finitely many p q since all but finitely many of the manifolds K( p q ) are hyperbolic. 3.1. The main theorem. Let G be a left-ordered group with ordering <. A subgroup C of G is said to be <-convex if for every g, h ∈ C and f ∈ G, the implication g < f < h ⇒ f ∈ C holds. A subgroup C of a left-orderable group G is called relatively convex if there exists a left ordering < of G such that C is <-convex. Proposition 3.5. Let (G, <) be a left-ordered group and C a subgroup of G. Then C is <-convex if and only if the ordering ≺ of the left cosets {gC} g∈G defined by gC ≺ hC ⇔ g < h is well-defined.
It follows that a normal subgroup C of a left-orderable group G is relatively convex if and only if the quotient G/C is left-orderable.
The proof which follows is a result of Tararin, which plays a key role in the proof of our main criterion. We therefore provide a proof for the sake of completeness, which first requires a preparatory lemma. Recall that in a left-ordered group (G, <) a set X ⊂ G is called <-cofinal if for every g ∈ G there exists x, y ∈ X such that x < g < y. An element g ∈ G is called <-cofinal if g is cofinal as a set. Lemma 3.6. Suppose that H ∼ = (Q, +) and that H is a central subgroup of G. Fix a left ordering < of G. If H is <-cofinal, then for all g ∈ G we have that g is <-cofinal if and only if f gf −1 is <-cofinal for all f ∈ G.
Proof. Suppose that g is <-cofinal. We deal only with the case of g > id, the case of g < id being similar. Then there exists p, q ∈ H with p, q > id and k ∈ N such that p < g k < q. Now let f ∈ G be given. We can choose a, b ∈ H such that a < f < b, note that a and b can be chosen so that pab −1 > id. Now the inequalities p < g k , a < f and b −1 < f −1 combine to give pab −1 < f g k f −1 . Note that since id < pab −1 is cofinal and (pab −1 ) n < (f g k f −1 ) n = (f gf −1 ) kn for all n, it follows that f gf −1 is cofinal as well. Proof. Let H denote a normal subgroup of G isomorphic to (Q, +) and let K be the intersection of all relatively convex subgroups that contain H. Since an intersection of relatively convex subgroups is again relatively convex, K is relatively convex.
If K has no proper, nontrivial relatively convex subgroups, then K is torsion-free rank one abelian and thus H = K. So assume that K admits a proper, nontrivial relatively convex subgroup and let M be a maximal relatively convex subgroup. Fix an ordering < of K relative to which M is convex, we will derive a contradiction.
If H were bounded above in the ordering < of K (that is, if there were k ∈ K such that h < k for all h ∈ H), then there would be a proper relatively convex subgroup of K containing H-a contradiction. Thus H is <-cofinal. So for every positive a ∈ K and q ∈ H, there exists k such that a < q k . It follows that id < a −1 q k a so that conjugation by elements of K preserves the positive elements (and thus the left ordering) of H.
Therefore there is a homomorphism φ : K → Aut(H, <) whose kernel is the centralizer C of H. But C is relatively convex, as Aut(H, <) is left-orderable, and since H ≤ C we conclude K = C. Thus H is in the centre of K.
Now we are in a position to analyze the maximal convex subgroup M of K. One can check that it is given by
Note that M consists of precisely the elements of K that are not <-cofinal, and thus M is normal by Lemma 3.6. Let q : K → K/M denote the quotient map. Since K/M admits no relatively convex subgroups (any such subgroup would pull back to a relatively convex subgroup containing M ), we conclude that K/M is torsion-free rank one abelian. Moreover K ∩ H = {id} and so H maps injectively to the quotient K/M , so q(H) is a subgroup of K/M isomorphic to Q. Thus q(H) = K/M , and we conclude K = M H. Since M ∩ H = {id}, K ∼ = M × H. This means H itself is a proper relatively convex subgroup of K, a contradiction. Proof. In fact we will prove something stronger. Suppose 1 → Z ι → G → Q/Z → 1 is a short exact sequence with G torsion-free. We will prove G ∼ = Q.
Let H ⊂ G be a finitely generated subgroup. Since H is torsion-free, ι(Z) ∩ H ∼ = Z. Since every finitely-generated subgroup of Q/Z is a finite cycle group, restricting the short exact sequence to H gives 1 → Z → H → Z/kZ → 1 for some k ∈ N. Now H is a torsion-free group with a finite-index subgroup isomorphic to Z, so H ∼ = Z. Therefore G is a torsion-free locally cyclic group, so it is isomorphic to a subgroup of Q. Fix an identification G ⊂ Q with the copy of Z corresponding to the kernel of the map G → Q/Z being precisely the subgroup Z of Q.
It suffices now to show that if a ∈ G\{0} and G/ a ∼ = Q/ a , then G = Q. To that end, suppose b / ∈ G and let d = |π(b)| where π : Q → Q/ a is the quotient map. We claim that there is no element of order d in G/ a . Since G/ a is a subgroup of Q/ a , if there is an element of order d, it generates the unque subgroup of Q/ a isomorphic to Z/dZ. In particular b + a ∈ G/ a . Therefore b + ta ∈ G for some t ∈ Z and since a ∈ G, we must have b ∈ G. Therefore G = Q. Theorem 3.9. Suppose that G is a circularly-orderable group and that H is a normal subgroup of G isomorphic to Q/Z. Then G/H is left-orderable.
Proof. Fix a circular ordering c of G, which we will use to construct lifts. Since H is normal in G, it follows that H is normal in G; since H is isomorphic to Q/Z we know that H ∼ = Q by Proposition 3.8. Thus G/ H is left-orderable by Theorem 3.7, so the proof is complete once we observe that the map φ : G/ H → G/H given by (n, g) H → gH is an isomorphism.
The map φ is well-defined, because if (n, g) H = (m, h) H then there exists (ℓ, f ) ∈ H (in particular, f ∈ H) such that (n, g) = (m, h)(ℓ, f ) = (n + m + f c (h, f ), hf ).
Thus g = hf and so gH = hH.
The map is injective because if gH = hH then g = hf for some f ∈ H. Then for every n, m ∈ Z the quantity ℓ = n − m − f c (h, f ) yields (ℓ, f ) ∈ H with (n, g) = (m, h)(ℓ, f ), so that (n, g) H = (m, h) H . That the map is surjective is obvious. Proof. If G × Q/Z is circularly-orderable then the previous theorem implies left-orderability of G. On the other hand, if G is left-orderable then G × Q/Z is circularly-orderable by the standard short exact sequence construction. Proof. Assume that G × Z/nZ is circularly-orderable for all n ≥ 2. Choose a finitely generated subgroup H of G × Q/Z, and let π 1 and π 2 be the projections from G × Q/Z onto the first and second factors respectively. Then H ⊂ π 1 (H) × π 2 (H) ⊂ G × Z/nZ for some n, since every finitely generated subgroup of Q/Z is cyclic. As G × Z/nZ is assumed to be circularly-orderable, so is H; as H was an arbitrary finitely generated subgroup of G × Q/Z we can conclude that G × Q/Z is circularly-orderable. It follows that G is left-orderable.
On the other hand, if G is left-orderable then circular-orderability of G × Z/nZ for all n is again a standard short exact sequence argument.
The obstruction spectrum of a circularly-orderable group
In light of Corollary 3.11, for any circularly-orderable group G we can define the obstruction spectrum of G as Ob(G) := {n ∈ N >1 | G × Z/nZ is not circularly-orderable}.
With this notation, Corollary 3.11 is equivalent to the statement that a circularly-orderable group G is left-orderable if and only if Ob(G) = ∅. It is worth noting that if n | m, and n ∈ Ob(G) for some circularly-orderable group G, then m ∈ Ob(G).
In the remaining sections we investigate what properties of a group G are captured by Ob(G), and what possible subsets of N >1 occur as Ob(G) for some non-left-orderable group G.
4.1.
Properties of a group encoded by its obstruction spectrum. Since a finite group is circularly-orderable if and only if it is cyclic, the obstruction spectrum detects torsion. Indeed, suppose there is an element of order k in a circularly-ordered group G. Then Ob(G) ⊃ p|k pN where p is a prime number. More explicitly, we set T (G) = {k ∈ N | ∃g ∈ G of order k} and define Ob T (G) := {n ∈ N >1 | ∃k ∈ T (G) such that gcd(k, n) = 1}. Note that Ob T (G) ⊂ Ob(G), because if g ∈ G is of order k and gcd(k, n) = 1 then g × Z/nZ is not cyclic, hence not circularly-orderable. We call Ob T (G) the torsion part of the obstruction spectrum.
In the case that G admits a bi-invariant circular ordering, the obstruction spectrum of G is exactly equal to its torsion part. Proof. Suppose G admits a bi-invariant circular ordering, and let i : G → H × S 1 be an orderembedding, where H is a bi-ordered group and H × S 1 is equipped with a lexicographic bi-invariant circular ordering [27] . Then if g ∈ G is of order k, i(g) = (id, r) where r is a k-th primitive root of unity. If (k, n) = 1 for every k ∈ T (G), then for each n-th primitive root of unity r we have G × Z/nZ ∼ = i(G), r ⊂ H × S 1 . Thus G × Z/nZ is circularly-orderable. The other direction is obvious.
In general, however, one expects the containment Ob T (G) ⊂ Ob(G) to be proper, which prompts the following question. In the cases where G is torsion-free and G arises as the fundamental group of 3-manifold, such as Examples 3.3 and 3.4, it would be interesting to explicitly compute and give a topological interpretation of their obstruction spectra. We expect such a topological interpretation may be possible, since we can already observe that the structure of Ob(G) carries topological consequences. First we note: Lemma 4.3. If φ : G → H is a homomorphism between circularly-orderable groups with leftorderable kernel, then Ob(G) ⊂ Ob(H).
Proof. Suppose that H × Z/nZ is circularly-orderable for some n ∈ N >1 . Then the kernel of the map ψ : G × Z/nZ → H × Z/nZ given by ψ(g, n) = (φ(g), n) is isomorphic to ker(φ), and thus is left-orderable. Therefore G × Z/nZ can be lexicographically circularly ordered.
From this, we are able to prove a generalization of a result of Rolfsen, wherein he used leftorderability of fundamental groups to provide an obstruction to the existence of degree one maps between 3-manifolds [26] . 
4.2.
The structure of obstruction spectra. In this section we characterize the sets S ⊂ N >1 that arise as Ob T (G) for some group G, and show that every such set also arises as Ob(G) for some torsion-free group G. Proposition 4.6. Let Π denote the set of prime numbers in N.
(1) For every group G there exists S ⊂ Π such that Ob T (G) = p∈S pN.
(2) For every set S ⊂ Π there exists a group G such that Ob T (G) = p∈S pN.
Proof. For (1), set S = {p ∈ Π | ∃k ∈ T (G) such that p|k}. From the remarks at the beginning of Subsection 4.1 it follows that pN ⊂ Ob T (G) for all p ∈ S. On the other hand if p is prime and does not divide k for all k ∈ T (G), then p / ∈ Ob T (G) by definition. To prove (2), define the subgroup G S ⊂ Q/Z generated by the set { 1 p | p ∈ S}. Since G S contains an element of order p for all p ∈ S, p∈S pN ⊂ Ob(G). Conversely, if gcd(k, p) = 1 for all p ∈ S, then G S ×Z/kZ ∼ = H where H ⊂ Q/Z is the subgroup generated by G S ∪{ 1 k }. Therefore G S ×Z/kZ is circularly-orderable, completing the proof.
Thus our task is reduced to showing that for all S ⊂ Π, there exists a torsion-free circularlyorderable group G such that Ob(G) = p∈S pN. We begin by producing a torsion-free group G for each prime p ≥ 2 for which Ob(G) = pN. Our primary tool in the examples that follow is [16, Proposition 6.17] , which for finitely generated amenable groups guarantees that all circular orderings of the group arise lexicographically from a short exact sequence 1 → K → G → H → 1 where K is left-orderable and H is a subgroup of S 1 (see Proposition 4.10 below for details). As the quotient map in every such short exact sequence factors thought G/G ′ , our computations of Ob(G) are tied to the structure of G/G ′ . There is no reason to expect a similar relationship between Ob(G) and G/G ′ to hold for non-amenable groups.
We first prepare several lemmas.
Lemma 4.7. Assume that G 1 , G 2 and H are groups, and let φ :
, and so a = b by injectivity of φ 2 . Thus ker φ ∼ = π 1 (ker φ).
We conclude by observing that φ
. For g ∈ π 1 (ker φ) happens if and only if there exists h ∈ G 2 such that (g, h) ∈ ker φ, which happens if and only if g ∈ φ −1 1 (φ 2 (h)). Lemma 4.8. Suppose that (G, c) is a countable, amenable circularly-ordered group. Then c is lexicographic relative to a short exact sequence
where K is left-orderable and C is a subgroup of S 1 .
Proof. Let ρ c : G → Homeo + (S 1 ) denote the dynamical realization of the circular ordering, and consider rot • ρ c , where rot is the rotation number. Since G is amenable, rot : ρ c (G) → S 1 is a homomorphism; it is easy to see that this homomorphism must be circular-order preserving by construction of the dynamical realization. Moreover, the kernel K of the rotation number homomorphism acts on S 1 with a global fixed point and is therefore left-orderable [16, Proposition 6.17] .
Proposition 4.9. Suppose that G is a countable amenable group. Then G × Z/nZ is circularlyorderable if and only if there exists a homomorphism φ : G → C onto a cyclic group C containing a subgroup H of order n such that φ −1 (H) is left-orderable.
Proof. If G × Z/nZ is circularly-orderable, then by Lemma 4.8 there exists a subgroup C of S 1 and a homomorphism ψ : G × Z/nZ → C with left-orderable kernel K. Let φ = ψ| G . Since K is left-orderable the restriction of ψ to Z/nZ must be injective (otherwise K would contain torsion), and so by Lemma 4.7 K = ker ψ ∼ = φ −1 (ψ(Z/nZ)).
On the other hand, suppose G admits a homomorphism φ as in the statement of the theorem and let ι : Z/nZ → C be an embedding of Z/nZ. Define ψ : G × Z/nZ → C by ψ(g, a) = φ(g) + ι(a). Then ψ is injective on restriction to Z/nZ, so by Lemma 4.7 we have ker ψ ∼ = φ −1 (ι(Z/nZ)), which is assumed to be left-orderable. Thus G × Z/nZ is circularly-orderable by a standard lexicographic construction.
Proposition 4.10. Suppose that G is a finitely generated amenable circularly-orderable group, and that G/G ′ is finite. If e denotes the exponent of G/G ′ , then e ∈ Ob(G).
Proof. Suppose that φ : G → C is a homomorphism onto a cyclic group containing a subgroup of order e with left-orderable preimage, as in Proposition 4.9. Then as |C| must divide e, we conclude |C| = e. But then φ −1 (C) = G is not left-orderable, since every finitely generated amenable left-orderable group has infinite abelianization. for i = 1, . . . , p. Notice that the subgroup of K generated by y := y 1 y 2 · · · y p commutes with each x i and hence we can form the semidirect product N := H ⋊ K/(y).
Now we make an automorphism f of H ⋊ K by declaring f (x i ) = x i+1 and f (y i ) = y i+1 . Then since the element y is fixed by f , we see that f induces an order-p automorphism of N and so we have the semidirect product B := N ⋊ z|z p = 1 .
There is a surjective homomorphism φ : H → z|z p = 1 , which sends x 1/(p+1) j i to z for each i, j. Then we take
By construction, φ(y i hy
i ) = φ(h) for h ∈ H and i = 1, . . . , p and φ(zhz −1 ) = φ(h) for h ∈ H. Thus we see G is closed under product and taking inverses and so it is a subgroup of N ⋊ z|z p = 1 .
We next claim that G is torsion-free. To see this, suppose that hkz i ∈ G is a torsion element. Then (hkz i ) p ∈ N and since N is torsion-free, we see that hkz i must have order p and i ∈ {1, . . . , p − 1}. By replacing hkz i by a suitable power, we may assume that i = 1 and so φ(h) = z. Then there exists some h ′ ∈ H and k ′ ∈ K such that (hkz) p = h ′ k ′ ; moreover, a straightforward computation shows that k ′ = k(zkz −1 )(z 2 kz −2 ) · · · (z p−1 kz −1+p ). Since k is the image in K/(y) of an element of the form y
, where τ is the automorphism induced by conjugation by y
Then we see that if h ′ = 1 then we must have
for every j. Looking mod p, where we take (p + 1) j = 1 mod p for j < 0, we see that a 1 + · · · + a p = 0 (mod p), which gives that φ(h) = 1, a contradiction, since φ(h) = z.
To complete the proof, we must show that G is a finitely generated solvable circularly-orderable group and show that G/G ′ is an elementary abelian p-group. We first show that G is finitely generated. By construction, x p i ∈ G for all i and the relation y i x
. Thus if we let G 0 denote the finitely generated subgroup of B := N ⋊ z|z p = 1 generated by x p 1 , . . . , x p p , y 1 , . . . , y p , then G 0 is normal in B and by construction B/G 0 is a finite p-group. In fact, it is a semidirect product (Z/pZ) ⋊ z , where z acts on (Z/pZ) via cyclic permutation. Since G/G 0 embeds in B/G 0 we see that G/G 0 is a finite p-group and so G is finitely generated since G 0 is finitely generated. Since G is a subgroup of the solvable group B, we also have that G is solvable.
Next to show that G/G ′ is an elementary abelian p-group, first note that g i,j := x
A straightforward computation then yields that x p/(p+1) j i+1 ∈ G ′ . Next observe that x i z, x i+1 z ∈ G and their commutator is equal to
More generally we have x
∈ G ′ for all j ∈ Z. Notice that G is normal in B and G ′ is characteristic in G and hence G ′ is normal in B. If hkz i ∈ B, with h ∈ H, k ∈ K/(y), then, modulo G ′ , hkz i is equal to an element of the form hz i . Moreover, using the fact that x ∈ G ′ for all j ∈ Z and i = 1, . . . , p − 1, we see that modulo G ′ that we can take h to be of the form ∈ G ′ for all j ∈ Z, we see that we can in fact take a, b ∈ {0, 1, . . . , p − 1} and so B/G ′ is a homomorphic image of a semidirect product
which is a group of order p 3 in which the automorphism of (Z/pZ) 2 induced by conjugation by z is given by (1, 0) → (0, 1) and (0, 1) → (−1, 2), and this group is a nonabelian group of order p 3 in which every element has order p. Since G/G ′ embeds in this group and is abelian, it is an elementary abelian p-group of of order at most p 2 .
It now only remains to show that G is circularly-orderable. Observe first that H is left-orderable. Moreover, K/(y) is left-orderable, as it is Z p−1 , since the element y corresponds to a unimodular row in Z p . Thus N is left-orderable, as it is a semidirect product of two left-orderable groups. This then gives that B = N ⋊ z|z p = 1 is circularly-orderable as it is a semidirect product of a left-orderable group and a circularly-orderable group. Hence G is circularly-orderable as it is a subgroup of B. Finally, in light of Proposition 4.10 we get that G×Z/pZ is not circularly-orderable.
Suppose now gcd(m, p) = 1. Notice that G × Z/mZ is a subgroup of B × Z/mZ and since B × Z/mZ fits into a short exact sequence 1 → H ⋊ K/(y) → B × Z/mZ → Z/pZ × Z/mZ → 0, we see that B × Z/mZ is circularly-orderable, as H ⋊ K/(y) is left-orderable and Z/pZ × Z/mZ ∼ = Z/pmZ is circularly-orderable. It follows that G × Z/mZ is circularly-orderable, and therefore Ob(G) = pN.
Next we show that the obstruction spectrum of the free product of circularly-orderable groups is equal to the union of the obstruction spectra of each of the component groups. Note that it makes sense to talk about the obstruction spectrum of a free product of circularly-orderable groups since such a free product is circularly-orderable [1] .
Lemma 4.12. Let {G α | α ∈ A} be a set of circularly-orderable groups. Then Ob( * G α ) = α∈A Ob(G α ). Proof. Let k ∈ N >1 . Consider the amalgamated free product * Z/kZ (G α × Z/kZ) defined by the injective maps ι α : Z/kZ → G α × Z/kZ where ι α (t) = (id, t α ) for a choice of generator t ∈ Z/kZ. The homomorphisms φ α : G α × Z/kZ → ( * G α ) × Z/kZ given by φ α (g, t m α ) = (g, s m ) (where s ∈ Z/kZ is a chosen generator) induce an isomorphism * Z/kZ (G α × Z/kZ) ∼ = ( * G α ) × Z/kZ.
It now suffices to show * Z/kZ (G α × Z/kZ) is circularly-orderable if and only if G α × Z/kZ is circularly-orderable for all α.
